Ascham School

Mathematics Form 6 - 2 Unit Trial Examination

1999

July 1998 Time allowed: 3 Hours
Plus 5 minutes reading time.

Instructions
1. Attempt ALL questions
2. All questions are of equal value.

3. Al necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

4. Standard integrals are printed on page 10.

5. Board approved calculators may be used.

6. Answer each question in a separate writing booklet.




" Question 1.

(a)  Find the exact value of 1_4; \ [1]
T

| | R —" (1]
(b)  Using the table of standard integrals, find ‘ﬁd
(c)  Expand and simplify (2x - 3)(x* + 5x + 2) (2]
(d) Find the exact value of ' —/*+1  when 1=2v3 [2]
() Factorise  x’ —y*+2y-2x [2]
() Solveforr -1 3x=2 [2]

S5x+1 Sx+2

(g} The roots of the equation x* -4x +7 = 0 are a and . Evaluate aB> +a’ 21

Question 2. Use a separate writing booklet.

1

@ =
(i) Evaluate (D) and  f(2) | (11
@ Using the trapezoidal rule with three function values, find the
approximate area under the curve between x=0 and x=2 [2]
(b)  Evaluate log 4(*1—) | [2]
V2
(c) Solve
(i) x? +6x—16=0 [21
(iiy x*+6x-16 >0 [1]

(d)  Consider the parabola with equation y = x* +2x -5

(i) Express the equation in the form (x - h)* =4a(y - k) where a, h and
k are constants. 21

{ii) Write down the co-ordinates of the vertex and the equation of the
directrix. (2]




Question 3. Use a separate writing booklet.

(a)

(b)

(c)

Q‘Z./ .

In the diagram, O is the centre of each of the circles. AOB and POQ are
straight lines.

(i) Prove AOAQ = AOPB
(i) Hence prove that AQ = PB

Differentiate with respect to x
1

(i) X2 - x+ 3
i)  (5-07
(i) m%

Find:

(i) j(2x+5)6dx

(it) j 3¢ dr, giving your answer correct to 3 significant figures
0.2

[41

[4]

[4]




‘Question 4. Use a separate writing booklet.

23 dx

(a)  Find the exact value of J.-—— : [21
X

(b) For what values of k is the expression x” -(1+k)x -(1-2k) positive definite ? [2]

(c) The quadrilateral PQRS where PQ//RS has coordinates P(-1, 0), Q(3, 2),
R(4, 5) and S(0, 3)

(i) In your writing booklet draw a diagram showing this information.
(i) Find the length of SR
(iii) Show that PQRS is a parallelogram

(iv)  Find the equation of SR

Hence show that the perpendicular distance from Q to SR is V5 units.

(vi) Find the area of PQRS.
(8]

Please turn over to question 5



Question 5. Use a separate writing booklet.

(a) The equation of the parabola shown isy=8+2x- x* . A tangent is drawn at the

point P(2, 8).
W\

Pi2. 8]

Q
R

v

(ii) State the co-ordinates of R and Q.

(i) Show that the equation of the tangentat Pis 2x +y- 12 = 0
(iiiy  Find the size of the shaded area. ‘
|
|

(iv) Hence determine the size of the area bounded by PQR
(8l

(b) A speed skater does one lap of the track as shown, staying in the middle of the track
all the way, including the semi-circular ends.

0] Show that the length of AC is 78m

(iy  Show that the length of one lap around the track by the skater is given by
(30w +156) metres.
4




Question 6. Use a separate writing booklet.

() Find the value of cot™- [1]

@) Consider the curve y = (cosnx) -1

(i) State the period and range

(ii) Sketch the curve y = (cosnx) -1 for0<x<2

forg<x<? [5]

(\J(—

(iii)  State the number of solutions to the equation cos nx =

I
(c) The hyperbola y = —Eis sketched below. The area under the curve for 0 < x <3
X

is rotated about the x axis. Find the volume generated.

y /\

< 1 2 3 <
/
[3]

(d)  The gradient function y = f '(x) of a curve y = f(x) is shown below.

y /N
y =[x
< [ ! L
J»B -4 x 1 1 2 x>

/

(iy  Describe the shape of the curve y = f(x) at x = -6, at x = -2 and at x = 0.
(ii) For what values of x is the curve y = f(x) increasing ?

(i) Inyour writing booklet, sketch a possible curve for y = f(x)

(3]




Question 7. Use a separate writing booklet.

4 1
— i ; 2
(@) Showthat S "E T E IS rational. {21

Consider the curve y = (1+2x)e™"

(i) Find the y-intercept.
(i) Find where the curve crosses the x-axis.

(ili)  Find any stationary points and determine their nature.

N —

(iv)  Show that there is a point of inflexion when x=

(v) Discuss the behaviour of the curve as it approaches o«

(vi)  Sketch the curve showing the above features.

[10]
Question 8.Use a separate writing booklet.
(a) The first and last terms of an arithmetic series are 5 and 165 respectively,
and the sum of these terms is 1785. Find,
(i) the number of terms in the series
(i)  the common difference. ' [4]

@ A retired woman decides to live off her savings. She has $70 000 and
invests it at an interest rate of 6% p.a., compounded monthly. At the end of
each month after interest has been received, she withdraws $M. The amount

left at the end of the nth month after she has made her withdrawal is $A» .

(i) Show that A1 =70 000 (1.005) - M and that
A2 =70 000 (1.005)° - M(1.005 + 1)

(i) ir. { an expression for the amount left after n months

70000(1.005)" — 4,
(i) ShowthatM= | 1005" 1]

0.005

(iv)  Find the monthly withdrawal if the woman has no money left after 10 years.

(8l




'G'Question 9.Use a séparate writing booklet.

(@)  Find in exact form the area of a sector of a circle if it forms an angle of 20° at
the centre and the radius of the circle is 5 cm.

(b)  The diagram (which is not drawn to scale) represerits the earth
(assumed to be a sphere) and a balloonist at P, h metres above the surface.
PH is the distance d, in metres, to the horizon, and r is the radius of the earth, also
in metres.

IV

{2
(i) Show that /= r\/'n—ﬂr;_ r

(if)  When k is very small, say k < 10 then v1+4 can be approximated by 1 + %/ci

112
Show that in such acase |, /= ;—approximately.
Zr

(iii)  If the balloonist at P has her horizon 40 km distant and the radius of the earth
is 6 400 km,

L d?
1. Show that the formula in (i), # = 2 is valid to calculate h.
r

2. How many metres is the balloonist above the surface of the earth ?
[10]




Question 10. Use a separate writing booklet.
(a)

A nuclear reactor is to housed in a building consisting of a hemisphere surmounting a cylinder.
This housing is to be constructed on an already existing concrete slab. It's volume is to be 576x

cubic metres. The builder charges $k / m” to build the cylindrical section and $2k / m’ to build the
hemisphere.

(i) Write down an expression for the volume of the housirg.

4 . 2
(Volume of a sphere = — z°, Volume of a cylinder = nr" /)
J

(ii)  Show that the cost of construction $C is given by C = 2knr(2r + h)
(Surface area of a sphere = 4nr® | Curved surface area of a cylinder = 2xrh)

8kmr® 1152k
(iii) Hence show that C = ;Zr + i

r

(iv)  Hence find the minimum cost of the construction.

(8]
(b) Consider the diagram below.
(m+n)h
(H Use APTR and AQTR to show that sinacosh + smbcosa=—‘;g]—““
T
(m+n)sm(5~ —-b)
(i)  Show that sin(a+5)= g
(itiy  Hence prove that sin(a +5b)= sinacosb +sinbcosa
' (41

End of test.
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